We consider a time-dependent problem of photon transport in an interstellar cloud with a point photon source modelled by a Dirac δ functional. The existence of a unique distributional solution to this problem is established by using the theory of continuous semigroups of operators on locally convex spaces coupled with a constructive approach for producing spaces of generalized functions.
In a recent paper, [2] , a stationary photon transport problem was considered in an interstellar cloud containing a time-independent UV-photon source of the form q 0 δ(x − x 0 ), where q 0 is a positive constant, x 0 is a location within the cloud and δ is the Dirac functional. The use of the δ functional is justified by the the fact that the diameter of the source (a star) is much smaller than the diameter of the cloud. In [2] , we proved that such a transport problem has a unique distributional solution.
We recall from [3] and [4] that interstellar clouds are large astronomical objects (the diameter of an average cloud ranging from 10 3 to 10 5 times the diameter of our solar system) and are composed of a low density mixture of gases (mainly hydrogen) and dust grains. Interstellar clouds may contain stars which emit UV-photons in a time-independent fashion or in a time-varying manner (variable stars, with periods ranging from a few days to one year).
In this paper, our aim is to extend the work presented in [2] by considering a time-dependent photon transport problem in an interstellar cloud containing a variable star (i.e. a time-dependent point source). We begin in Section 2 by describing a mathematical model of the problem and discuss how the Banach space theory of semigroups of operators can be used to analyse the case when the time-dependent source is a "classical"
function. This requires the problem to be expressed in abstract form, on an appropriate Banach space X, where T is the infinitesimal generator of a semigroup on X, q : [0, ∞) → X is the source term, and a solution N : [0, ∞) → X is sought.
Unfortunately, the results presented in Section 2 cannot cater for time-dependent point sources represented in terms of the Dirac delta functional. However, by using a modified version of the distributional approach developed in [2] for the associated stationary problem, together with the theory of semigroups of operators on locally convex topological vector spaces, we are able to formulate a more general version of the abstract problem A key ingredient in our approach is the existence of a suitably defined adjoint operator, A, of T such that A is the infinitesimal generator of a strongly continuous semigroup on a Banach space Y , consisting of continuous functions, that can be identified with a closed subspace of X * . Relevant results on adjoint semigroups and adjoints of generators are presented in Section 3 and used to show that such an operator A can always be obtained. Two separate cases are discussed. The first, which is more straightforward, is when the scattering kernel (defined in Section 2) is identically zero on the boundary of the cloud. The second, which includes the case of a constant scattering kernel, deals with kernels which do not vanish on the boundary and requires a perturbation result [15, Lemma 2.2] due to Suhadolc and Vidav.
As the theory of semigroups of operators in locally convex topological vector spaces is perhaps not as well-known as the Banach space version, some details are included in Section 4. In particular, we concentrate on locally convex spaces that are Fréchet spaces in which the topology is defined in terms of a countable collection of norms. Complete countably normed spaces of this type are discussed in [7] and are often used in developing the theory of generalized functions. It should also be noted that semigroups of operators defined in locally convex spaces are playing an increasingly significant role in some recent theoretical developments. One particular case is the theory of bi-continuous semigroups [6, 9] in which the semigroups of interest are only locally bounded on some Banach space X, but are strongly continuous with respect to some other locally convex Hausdorff topology on X.
In Section 5, we define spaces, Z and Z ′ , of test functions and generalized functions respectively, and show that Z is a complete countably normed space. We also establish that a suitable extension,T , of T can be defined on
The results of Section 3 are then applied in Section 6 to prove the existence and uniqueness of a solution
. We conclude in Section 7 by indicating possible extensions of the work presented here.
It should be noted that our approach shares certain features of the method favoured by Suhadolc and Vidav [15] in which Banach spaces of regular Borel measures are used. Mention should also be made of the recent work of Lant and Thieme [11] which includes a method for obtaining a strongly continuous semigroup on a subspace, X ⊘ , of the dual X * of a general Banach space X; see [11, Proposition 6.4] . In this case, an operator A on X ⊘ is produced that is adjoint to T , with T only required to be the generator of a (once) integrated semigroup on X. However, we believe that there are some advantages to be gained by moving from a Banach space setting to that of a Fréchet space. Not least is the fact that our constructive approach guarantees that the extended operatorT is the infinitesimal generator of an equicontinuous semigroup on Z ′ and is also defined on all of Z ′ .
The Mathematical Model
In what follows, we shall assume that the interstellar cloud under consideration occupies the convex region V ⊂ R 3 , bounded by the closed "regular" surface Σ, and that V i is the interior of V so that V = V i ∪ Σ.
Further, let N (x, u, t) be the photon distribution function at time t ≥ 0 and at (x, u) with x ∈ V and u ∈ S, where S is the surface of the unit sphere. Hence, N (x, u, t) dx du is the expected number of photons which, at time t, are in the unit volume element dx and have velocity within the solid angle du around the unit vector
The photon distribution function N (x, u, t) satisfies the system, [13, 14] ,
In (2.1), c is the speed of light, σ s and σ are the scattering and the total cross-sections (which take care of the interactions between photons and cloud particles), q is a source term (due to the presence of one or more photon-emitting stars within the cloud), and k is a scattering kernel (with k = 1/(4π) if scattering is isotropic).
Further, (2.2) is a non re-entry boundary condition, where n(y) is the outward directed normal to Σ at y. Note that (2.2) holds provided that V is convex, there are no photon sources outside V and σ
Finally, in (2.3), N 0 is a given non-negative initial photon distribution function.
In the sequel, we shall assume that
( where σ min = min {σ(x) : x ∈ V } and σ s,max = max {σ s (x) :
In order to write the abstract form of the system (2.1) -(2.3) we consider the real Banach space
equipped with the usual norm
and define the following operators 10) with respective domains
12)
Note that, in D(B 0 ), the differential expression −cu · ∇ x should be interpreted as a directional derivative that exists almost everywhere with respect to a particular measure and the boundary condition should be expressed in terms of an appropriate trace operator; see [17, Chapters 2 and 3] for details.
Some standard results concerning the operators defined by (2.7) -(2.13) are listed below (see [8, 17] ).
(a) K ∈ B(X), i.e. K is a bounded operator on X, with
This follows from assumptions (2.4) and (2.6).
(b) B 0 ∈ G(1, 0; X), i.e. the free streaming operator B 0 is the infinitesimal generator of the contraction C 0 -semigroup {exp(tB 0 )} t≥0 ; see [1] . This follows from the fact that the domain
and from the explicit expression for the resolvent operator
where R(x, u) is such that x − R(x, u)u ∈ Σ ( and we assume that R(x, u) is a continuous function of
Relation (2.15) implies that
Further, the semigroup generated by B 0 has the form
where χ V is the characteristic function of V . 
which implies that
The semigroup generated by B has the form
This follows since D(T ) = D(B 0 ) and
from which we can deduce that
We remark that, if the cloud is homogeneous, then σ(x) = σ and σ s (x) = σ s , where σ and σ s are constants. Also, σ = σ c + σ s where σ c > 0 is the capture cross-section. Hence, in the homogeneous case,
By using definitions (2.7) -(2.10), the abstract version of the system (2.1) -(2.3) can be written as
where now N (t) = N (·, ·, t) and q(t) = q(·, ·, t)) are maps from [0, ∞) into X and N 0 is a given element in X.
Due to result (d), the unique solution of (2.23) has the form 24) provided that N 0 ∈ D(T ) and q(t) is strongly continuously differentiable; see [1] .
is the solution of (2.23) with q(t) replaced by q 1 (t), we have from (2.24)
Hence the solution to our evolution problem depends continuously on the source. Further, if in particular
Note that (2.24) cannot be used if the source has the form q 0 (t)δ(x − x 0 ) (with x 0 ∈ V and q 0 (t) continuously differentiable), because δ(x−x 0 ) is not an element of the Banach space X. Instead, we must find an appropriate space of test functions and corresponding generalized functions on V × S, say Z (= Z(V × S)) and Z ′ (= Z ′ (V × S)) respectively. As will become apparent, three essential requirements of these spaces are the following.
Firstly, Z ′ must contain the localised photon source, which strictly must be interpreted as the direct product
where f, ψ denotes the action of f ∈ Z ′ on ψ ∈ Z. Secondly, each function ψ ∈ X must generate a regular
and therefore, since the setX of all regular generalized functionsψ generated by ψ ∈ X lies in Z ′ , there is a natural embedding of X in Z ′ . Thirdly, an appropriately defined "extension",T , of the operator T from
Note that this requires D(T ) to be a subspace of D(T ), where
Equation (2.23) can then be extended to the generalized problem
where a solution N : [0, ∞) → Z ′ is now sought.
The Adjoint Transport Semigroup
In this section our aim is to produce an operator, say A, defined in some Banach space Y of continuous functions on V × S such that A generates a C 0 -semigroup on Y and is adjoint to the operator T of the previous section in the sense that
Largely due to the fact that X is not a reflexive Banach space, the approach we use is rather technical and involves the theory of sun dual semigroups [5, (I) In the usual manner, the dual space X * can be identified with L ∞ (V × S), with norm
The adjoint operator B * is then defined by
with domain
Note that D(B * ) is not dense in X * and so B * cannot be the generator of a C 0 -semigroup on X * .
Let the family of operators {W (t)} t≥0 be defined on X * by
Then, for any ψ ∈ X and η ∈ X * , we have
Consequently,
(II) Standard duality arguments show that the algebraic semigroup properties of {e tB } t≥0 on X are inherited by {W (t)} t≥0 = {(exp(tB)) * } t≥0 on X * . However, to obtain a strongly continuous adjoint semigroup we must restrict each operator W (t) to the sun dual (or semigroup dual) X ⊙ ⊂ X * of X defined by is a C 0 -semigroup on X ⊙ and has generator (B ⊙ , D(B ⊙ )) defined by
In addition, e tB ⊙ η X * ≤ e −ctσmin η X * ∀η ∈ X ⊙ and t ≥ 0 . 8) and denote the restriction of e tB ⊙ to Y by e tG . Note that, from (3.5), when t is sufficiently small we have
Consequently, lim t↓0 W (t)η − η X * = 0 for all η ∈ Y and so Y is a closed subspace of X ⊙ . Moreover, for 
As G is a restriction of B * , it follows that G is adjoint to B. Moreover, from (3.7), e tG η X * ≤ e −ctσmin η X * ∀η ∈ Y and t ≥ 0 . (3.10) (IV) We now examine the effect of the operator K ∈ B(X) defined by (2.7). The adjoint operator K * , given
is a bounded operator on X * and satisfies
Bearing in mind (3.8), we suppose initially, that the scattering cross-section σ s is zero on the boundary Σ of V ; this is reasonable from a physical viewpoint because the cloud particle density approaches zero as x tends to the boundary. In this case, the restriction K * |Y of K * to Y is a bounded operator on Y and, since K * |Y η X * ≤ cσ s,max η X * for all η ∈ Y , it follows that (A, D(A)), where A = G + K * |Y and D(A) = D(G), is the infinitesimal generator of a C 0 -semigroup {e tA } t≥0 on Y which satisfies e tA η X * ≤ e −ct(σmin−σs,max) η X * for all η ∈ Y and t ≥ 0. In addition A satisfies the equation
Thus, the operator A is adjoint to T .
(V) The situation is more complicated when σ s is not identically zero on the boundary Σ since then the (i) The operator P is the infinitesimal generator of a C 0 -semigroup {S(t)} t≥0 ∈ G(1, ω; U).
(ii) There exists a densely-defined operator P : U ⊃ D(P ) → V, where D(P) ⊂ D(P ), such that Pφ = P φ for all φ ∈ D(P). Thus, P is an extension of P.
(iii) (λI − P ) −1 ∈ B(V, U) for all λ with ℜλ > ω (where I denotes the inclusion map from U into V)
and
(iv) Q is any given operator that belongs to B(U, V) .
Then there exists a dense subspace D of U such that the restriction (P + Q) | D of P + Q to D is the infinitesimal generator of a C 0 -semigroup of operators on U.
Proof See [15, pp. 518-519].
To apply Lemma 3.1 to our problem, we take V = C(V × S) (equipped with the usual supremum norm), U = Y , P = G and Q = K * where Y, G and K * are defined by (3.8), (3.9) and (3.11) respectively. Then 
where ψ ∈ X ⊃ C(V × S) .
It follows that
where η ∈ X * ⊃ C(V × S) .
Lemma 3.2 Let R(λ) be defined by
Proof Parts (ii) and (iii) follow automatically from the definition of R(λ). For (i), we note that
Moreover, if x ∈ Σ and u is outgoing then η(x + ctu, u) = 0 for all t ≥ 0 and so R(λ)η ∈ Y . Finally,
(VI) We now define the operatorĜ bŷ
it follows thatĜ is a restriction of B * to D(Ĝ). Similarly, B * is also an extension of G since
Moreover,
and so (λI −Ĝ)
. Therefore the conditions of Lemma 3.1 all hold with P =Ĝ.
This establishes the existence of a dense subspace D of Y such that
is the infinitesimal generator of a C 0 -semigroup of operators {exp(tA)} t≥0 on Y , with e tA η ∞ ≤ e −ct(σmin−σs,max) η ∞ for all η ∈ Y and t ≥ 0, and
In addition, A satisfies the equation
Summarising, the key properties of A established above, for both σ s ≡ 0 on Σ and σ s ≡ 0 on Σ are 
Semigroups on Countably Normed Spaces
Throughout this section, X will represent a Fréchet space in which the topology is generated by a countable collection of norms {| · | n } ∞ n=0 where
see [7, p.15] . We shall also assume that there exists a nested chain of Banach spaces
such that, for each k, X ⊂ X k and
It follows that X may be regarded as both a complete countably multinormed space ([19, Section 1.6]) and a complete countably normed space ( [7, p.16] ). The completeness of X also means that
see [7, p.17] . We shall denote by L(X ) the vector space of continuous linear operators mapping X into X . A family F of operators in L(X ) is said to be equicontinuous if for any continuous seminorm γ on X there exists a continuous seminorm ρ on X (ρ depending on γ) such that γ(Bφ) ≤ ρ(φ) ∀B ∈ F and φ ∈ X . 
where C and r depend on γ but not on φ. Consequently, to verify that the family F is equicontinuous we need only establish that for each k = 0, 1, . . ., there exists a continuous seminorm ρ k on X such that
(ii) Strictly, the definition of a countably normed space in [7] requires the family of norms {|·| k } to be compatible.
However, this condition is only imposed so that, for each k, the completion of X with respect to the norm | · | k+1 is mapped in a one-to-one manner into the completion of X with respect to | · | k ; see [7, pp. 12-13] .
Our assumptions (4.2) and (4.3) allow us to ignore this compatibility condition.
Let A be the infinitesimal generator of an equicontinuous semigroup {exp(tA)} t≥0 on X of class C 0 (see [18, Chapter IX], and consider the abstract Cauchy problem
where u 0 is a given element in X , q ∈ C 1 ([0, ∞), X ) and the derivative is defined in terms of the topology on X .
As our approach for dealing with the distributional photon transport problem is designed to yield an infinitesimal generator that is continuous and everywhere defined on an appropriate Fréchet space of test functions (see §5),
we shall, for simplicity, now assume that A ∈ L(X ). In this case, routine modifications to the usual Banach space arguments show that (4.6) has a unique solution u ∈ C([0, ∞), X ) ∩ C 1 ((0, ∞), X ) given by
We now consider ACPs posed in the dual space X ′ of X . We shall always assume that X ′ is equipped with the weak*-topology and is therefore sequentially complete. The action of a functional f ∈ X ′ on an element φ ∈ X will be written as f, φ . Moreover, the operator A ′ will denote the adjoint of the infinitesimal generator A of the equicontinuous semigroup {e tA } t≥0 . Thus,
The ACP we examine is
where u 0 is a given element in X ′ , q is a function from [0, ∞) into X ′ and the derivative is defined in terms of the weak*-topology.
Theorem 4.2 (Existence and Uniqueness Results in
where the integral exists as a Riemann integral that is weak*-convergent in X ′ .
Proof That (4.9) is a solution of (4.8) follows by direct differentiation. To show that (4.8) defines the only
we need only verify that the unique solution of the homogeneous
for any φ ∈ X and 0 ≤ s ≤ t < ∞,
and so v(t) = exp(tA ′ )u 0 as required.
The space Z ′ of generalized functions
To obtain a space Z ′ possessing the properties described in Section 2, we follow the approach used in [2, Section 
where A 0 is interpreted as the identity operator. As in [2] , the topology in Z is generated by the countable
Since the operator A is the infinitesimal generator of a strongly continuous semigroup on Y , Z is a Fréchet space and is also a dense subspace of Y ; see [10, Theorem 2.3] and [5, p.53] . Moreover, it is clear from the topology on Z that A, the restriction of A to Z, is a continuous linear mapping from Z into Z.
For Theorem 4.2 to be applicable in the dual space Z ′ , we require Z to be a countably normed space. To this end, we define an equivalent topology on Z via the countable collection of norms
To show that Z, equipped with this equivalent topology, is a countably normed space we must first establish the following result which is obtained by making some routine modifications to the Sobolev tower theory of Nagel [5, p.124 ].
Lemma 5.1 For each n = 1, 2, 3, . . .
(b) {S n (t)} t≥0 is a strongly continuous semigroup on Z n ; (c) the infinitesimal generator, A n , of {S n (t)} t≥0 is given by the part of A in Z n , that is
Proof We first prove that (a)-(c) hold for n = 1. Part (a) follows from the fact that A is a closed operator in Y and | · | 1 is the associated graph norm. Also
Hence {S 1 (t)} t≥0 is a strongly continuous semigroup on Z 1 , and (c) follows from standard results on subspace semigroups [5, p.60] .
Suppose now that the result is true for some fixed n ∈ N. Then {S n (t)} t≥0 is a strongly continuous semigroup on Z n and its infinitesimal generator A n satisfies
denote the graph norm on D(A n ) = Z n+1 . Since |φ| n+1 ≤ |φ| n,An ≤ 2|φ| n+1 , | · | n+1 and | · | n,An are equivalent norms on Z n+1 and therefore Z n+1 is a Banach space. Moreover,
So {S n+1 (t)} t≥0 is a strongly continuous semigroup on Z n+1 and its generator is the part of A n in Z n+1 ; that is
The results follow by induction.
is dense in Z n and the stated result follows on noting that A n is the restriction of A to Z n .
Thus the Fréchet space Z and Banach spaces Z n satisfy (4.1) -(4.4), that is
We define the dual space, Z ′ , of Z, equipped with the weak*-topology, to be the associated space of generalized functions. Note that, from [7, p.34] , f ∈ Z ′ if and only if there exists some non-negative integer r and constant
The least such r is called the order of the functional f . Given ψ ∈ X if we defineψ on Z by (2.26), then
and so ψ generates a regular generalized function of order 0 in
and so the localized point source is also a generalized function of order 0 in Z ′ . Lastly, for each ψ ∈ D(T ), we require Tψ , η := T ψ, η
where we have used (3.17) and this leads to the definition
ThusT = A ′ , where A ′ denotes the adjoint of A on the complete countably normed space Z, and therefore, from standard results on adjoints,T is well-defined as a continuous linear mapping from Z ′ into Z ′ .
Solution of the time-dependent point source problem
The results of the previous sections can now be applied to establish the existence of a unique solution
Lemma 6.1 The operator A is the infinitesimal generator of a uniquely defined equicontinuous semigroup, {exp(tA)} t≥0 of class C 0 in Z. Moreover,
where {exp(tA)} t≥0 is the semigroup on Y generated by A (see Section 3).
Proof For each k = 0, 1, 2, . . . and φ ∈ Z,
since σ min − σ s,max is assumed to be positive. Consequently
and so, from [18, p. 246] , A is the infinitesimal generator of an equicontinuous semigroup of class C 0 on Z.
Moreover, from [18, p. 248 ],
Since A is the restriction of A to Z and convergence in Z implies convergence in Y , we obtain 
Conclusion
The distributional approach presented in this paper has led to mathematically rigorous existence and uniqueness results for photon transport problems with time-dependent point sources. Although the method involves rather technical material, such as countably normed spaces and equicontinuous semigroups on locally convex spaces, we believe that it has certain advantages over a Banach-space based approach, and has the potential to be exploited further. Firstly, the constructive manner in which the "test function" space Z is obtained from the infinitesimal generator T of a contractive semigroup on an L 1 space lends itself to other similar evolution equations with sources or initial conditions expressed in terms of singular distributions. A particular case which we intend to explore in a future paper is that of a fragmentation equation with power-law kernels and mono-disperse initial conditions; see [12] . Secondly, it is worth emphasizing that the method guarantees that the infinitesimal generator A of the equicontinuous semigroup on Z is continuous and defined on all of Z. This should be compared with the usual Banach-space situation where closed and densely-defined generators are customary.
Thirdly, the additional structure provided by the use of countably normed spaces means that Z and Z ′ can be expressed in the form
where (Z n , | · | n ) = (Z, | · | n ), with | · | n defined via (5.1), and Z * n is the Banach space of all continuous linear functionals on Z n ; see [7, pp. 17, 36] . Since Z 0 = Y , the Banach space of measures that features in the work of Suhadolc and Vidav emerges in our approach as the space Z delta distribution can be obtained as a limit of a sequence of suitably defined classical functions such as the This also is a topic which we hope to investigate further.
